The number 378 can be written as the sum of the cubes of its prime factors; indeed 378 = 2 · 3 3 · 7 = 2 3 + 3 3 + 7 3 . How many other numbers satisfy the same property ?
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For each integer k ≥ 2, let A k = {n ∈ N : n/π(n) = k} (where π(x) stands for the number of prime numbers not exceeding x). It can be shown that #A k ≥ 1 for each k. The set A 11 contains only one element, namely 175197. Are there any other A k 's with only one element ?
For each integer k ≥ 2 which is not a multiple of 3, let ρ(k) stand for the smallest prime number whose sum of digits is k; for instance ρ(4) = 13 and ρ(13) = 67. Although we are convinced that ρ(k) exists for each k (not divisible by 3), no one has yet been able to prove it ! An integer with r digits is said to be narcissistic if it is the sum of the r For instance, the number 153 is narcissistic because 153 = 1 3 + 5 3 + 3 3 . Interestingly, it is possible to show that there exist exactly 88 narcissistic numbers, the largest of which has 39 digits.
There exist only two prime numbers p (9091 is one of them) with the property that every number of the form abcdeabcde is divisible by p.
The integer 635 318 657 is the smallest number which can be written as the sum of two co-prime fourth powers in two distinct ways: 635 318 657 = 59 4 + 158 4 = 133 4 + 134 4 ; some 250 years ago, Euler came up with a very simple proof that shows that there are infinitely many such numbers.
The above problems and many others of the same kind give rise to very fascinating numbers with unique properties which we shall discuss in this talk.
